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We denote the set of all complex-valued double sequences by Ω which is a vector space with coordinatewise addition and scalar multiplication. Any subspace of Ω is called a double sequence space. A double sequence $\documentclass[12pt]{minimal}
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Here and in what follows, unless stated otherwise, we assume that *ϑ* denotes any of the symbols *p*, *bp* or *r*.
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Some new spaces of double sequences {#Sec2}
===================================
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-----
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\| \cdot\|_{B(\mathcal{M}_{u})}$\end{document}$ defined by ([2.1](#Equ4){ref-type=""}). Since the proof can be given in the same way for the other spaces, we only show here that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(\mathcal{M}_{u})$\end{document}$ is linearly isomorphic to the space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{M}_{u}$\end{document}$. With the notation of ([1.2](#Equ2){ref-type=""}), define the transformation *T* from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(\mathcal{M}_{u})$\end{document}$ to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{M}_{u}$\end{document}$ by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\mapsto Tx=y=B(r,s,t,u)x$\end{document}$. Then it is trivial that *T* is linear and injective. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y=(y_{kl})\in\mathcal{M}_{u}$\end{document}$ and define $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})$\end{document}$ via the sequence *y* by relation ([1.3](#Equ3){ref-type=""}) for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n\in\mathbb {N}$\end{document}$. Therefore, we see by ([1.2](#Equ2){ref-type=""}) that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\{ B(r,s,t,u)x\bigr\} _{mn} =&sux_{m-1,n-1}+stx_{m-1,n}+rux_{m,n-1}+rtx_{mn} \\ =&su\sum_{k,l=0}^{m-1,n-1} \biggl( \frac{-s}{r} \biggr)^{m-k-1} \biggl(\frac{-u}{t} \biggr)^{n-l-1}\frac{y_{kl}}{rt} \\ &{}+st\sum_{k,l=0}^{m-1,n} \biggl(\frac{-s}{r} \biggr)^{m-k-1} \biggl(\frac {-u}{t} \biggr)^{n-l}\frac{y_{kl}}{rt} \\ &{}+ru\sum_{k,l=0}^{m,n-1} \biggl( \frac{-s}{r} \biggr)^{m-k} \biggl(\frac{-u}{t} \biggr)^{n-l-1}\frac{y_{kl}}{rt} \\ &{}+rt\sum_{k,l=0}^{m,n} \biggl(\frac{-s}{r} \biggr)^{m-k} \biggl(\frac {-u}{t} \biggr)^{n-l}\frac{y_{kl}}{rt} \\ =&y_{mn} \end{aligned}$$ \end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n\in\mathbb{N}$\end{document}$, which leads us to the consequence that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \|x\|_{B(\mathcal{M}_{u})}=\sup_{m,n\in\mathbb{N}} \bigl\vert \bigl\{ B(r,s,t,u)x\bigr\} _{mn} \bigr\vert =\sup_{m,n\in\mathbb{N}}|y_{mn}|= \| y\|_{\infty}< \infty. $$\end{document}$$ This means that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})$\end{document}$ defined by ([1.3](#Equ3){ref-type=""}) is in the space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(\mathcal{M}_{u})$\end{document}$, i.e., *T* is surjective and is norm-preserving.

This concludes the proof of the theorem. □

Theorem 2.2 {#FPar3}
-----------

*The inclusion* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{M}_{u}\subset B(\mathcal{M}_{u})$\end{document}$ *strictly holds*.

Proof {#FPar4}
-----

Firstly, we show that the inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{M}_{u}\subset B(\mathcal {M}_{u})$\end{document}$ holds. For this, when we take a double sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})\in \mathcal{M}_{u}$\end{document}$, then there exists a positive real number *K* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sup_{m,n\in\mathbb{N}}|x_{mn}|\leq K$\end{document}$. Therefore, one can easily see that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \begin{aligned} \sup_{m,n\in\mathbb{N}} \bigl\vert \bigl\{ B(r,s,t,u)x\bigr\} _{mn} \bigr\vert &=\sup_{m,n\in \mathbb{N}} \vert sux_{m-1,n-1}+stx_{m-1,n}+rux_{m,n-1}+rtx_{mn} \vert \\ &\leq\bigl( \vert su \vert +|st|+|ru|+|rt|\bigr)K< \infty. \end{aligned} \end{aligned}$$ \end{document}$$ This means that the double sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})\in B(\mathcal{M}_{u})$\end{document}$, that is, the inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{M}_{u}\subset B(\mathcal{M}_{u})$\end{document}$ holds.

Now, we prove that this inclusion is strict. That is, the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(\mathcal{M}_{u})\setminus\mathcal{M}_{u}$\end{document}$ is not empty. Let us consider the double sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})$\end{document}$ defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{mn}=(-1)^{m+n}(m+1)(n+1)$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n\in\mathbb{N}$\end{document}$. It is obvious that *x* is not in $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{M}_{u}$\end{document}$. If we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r=t=s=u$\end{document}$, then we obtain $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{B(r,s,t,u)\}$\end{document}$-transform of *x* as $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\{ B(r,r,r,r)x\bigr\} _{mn} =&r^{2}\bigl[(-1)^{m+n-2}mn+(-1)^{m+n-1}m(n+1) \\ &{}+(-1)^{m+n-1}(m+1)n+(-1)^{m+n}(m+1) (n+1)\bigr] \\ =&(-1)^{m+n}r^{2} \end{aligned}$$ \end{document}$$ which gives the fact that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(r,r,r,r)x\in\mathcal{M}_{u}$\end{document}$. This completes the proof. □

Theorem 2.3 {#FPar5}
-----------

*The inclusion* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{C}_{p}\subset B(\mathcal{C}_{p})$\end{document}$ *strictly holds*.

Proof {#FPar6}
-----

For the first step of the proof, we show that the inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal {C}_{p}\subset B(\mathcal{C}_{p})$\end{document}$ holds. Let us take a sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})\in\mathcal{C}_{p}$\end{document}$. Then there exists a complex number *l* such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\mbox{-} \lim_{m,n\to\infty}|x_{mn}-l|=0$\end{document}$. Then we have by taking limit of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(r,s,t,u)$\end{document}$-transform of *x* as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n\to\infty$\end{document}$ in Pringsheim's sense $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} p\mbox{-} \lim_{m,n\to\infty}\bigl\{ B(r,s,t,u)x\bigr\} _{mn} =&p\mbox{-} \lim_{m,n\to\infty } (sux_{m-1,n-1}+stx_{m-1,n}+rux_{m,n-1}+rtx_{mn} ) \\ =&su \Bigl(p\mbox{-} \lim_{m,n\to\infty}x_{m-1,n-1} \Bigr)+st \Bigl(p\mbox{-} \lim_{m,n\to\infty}x_{m-1,n} \Bigr) \\ &{}+ru \Bigl(p\mbox{-} \lim_{m,n\to\infty}x_{m,n-1} \Bigr)+rt \Bigl(p\mbox{-} \lim_{m,n\to\infty}x_{mn} \Bigr). \end{aligned}$$ \end{document}$$ Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\mathcal{C}_{p}$\end{document}$, then all the subsequences of *x* are also convergent. Thus, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(r,s,t,u)x\in C_{p}$\end{document}$, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in B(\mathcal{C}_{p})$\end{document}$.

To prove the fact that the inclusion $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{C}_{p}\subset B(\mathcal{C}_{p})$\end{document}$ is strict, we should show that the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(\mathcal {C}_{p})\setminus\mathcal{C}_{p}$\end{document}$ is not empty. Let us consider the double sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})$\end{document}$ defined by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{mn}=(mn)/(rt)$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n\in\mathbb{N}$\end{document}$. If we take $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$s=-r$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$u=-t$\end{document}$, then we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl\{ B(r,-r,t,-t)x\bigr\} _{mn} =&rtx_{m-1,n-1}-rtx_{m-1,n}-rtx_{m,n-1}+rtx_{mn} \\ =&rt\frac{(m-1)(n-1)}{rt}-rt\frac{(m-1)n}{rt}-rt\frac {m(n-1)}{rt}+rt \frac{mn}{rt} \\ =&1 \end{aligned}$$ \end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n\in\mathbb{N}$\end{document}$. Thus, one can easily observe that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})\notin\mathcal{C}_{p}$\end{document}$. But, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\mbox{-} \lim_{m,n\to\infty}\{ B(r,s, t,u)x\}_{mn}=1$\end{document}$, that is, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in B(\mathcal{C}_{p})$\end{document}$. This step completes the proof. □

Theorem 2.4 {#FPar7}
-----------

*The inclusion* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{C}_{bp}\subset B(\mathcal{C}_{bp})$\end{document}$ *strictly holds*.

Proof {#FPar8}
-----

This is a natural consequence of Theorems [2.2](#FPar3){ref-type="sec"} and [2.3](#FPar5){ref-type="sec"}. So, we omit the details. □

Theorem 2.5 {#FPar9}
-----------

*The inclusion* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{L}_{q}\subset B(\mathcal{L}_{q})$\end{document}$ *strictly holds*, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq q<\infty$\end{document}$.

Proof {#FPar10}
-----

Let us take a double sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})\in\mathcal{L}_{q}$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1\leq q<\infty$\end{document}$. Then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{m,n}|x_{mn}|^{q}<\infty$\end{document}$. Now, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \biggl[\sum_{m,n} \bigl\vert \bigl\{ B(r,s,t,u)x \bigr\} _{mn} \bigr\vert ^{q} \biggr]^{1/q} =& \biggl(\sum_{m,n} \vert sux_{m-1,n-1}+stx_{m-1,n}+rux_{m,n-1}+rtx_{mn} \vert ^{q} \biggr)^{1/q} \\ \leq&|su| \biggl(\sum_{m,n} \vert x_{m-1,n-1} \vert ^{q} \biggr)^{1/q}+|st| \biggl(\sum _{m,n} \vert x_{m-1,n} \vert ^{q} \biggr)^{1/q} \\ &{}+|ru| \biggl(\sum_{m,n} \vert x_{m,n-1} \vert ^{q} \biggr)^{1/q}+|rt| \biggl(\sum _{m,n} \vert x_{mn} \vert ^{q} \biggr)^{1/q}< \infty, \end{aligned}$$ \end{document}$$ which says that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(r,s,t,u)x\in\mathcal{L}_{q}$\end{document}$, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in B(\mathcal{L}_{q})$\end{document}$.

In order to prove the fact that the inclusion is strict, we should define a double sequence belonging to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(\mathcal{L}_{q})$\end{document}$ but not to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\mathcal{L}_{q}$\end{document}$. Let us define the double sequence $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})$\end{document}$ by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ x_{mn}= \biggl(\frac{-s}{r} \biggr)^{m} \biggl( \frac{-u}{t} \biggr)^{n}\frac{1}{rt} $$\end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n\in\mathbb{N}$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\frac{-s}{r} )>1$\end{document}$ or $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(\frac{-u}{t} )>1$\end{document}$, or both, then it is obvious that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\notin\mathcal{L}_{q}$\end{document}$. But, under the same restrictions, we have $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sum_{m,n}\bigl|\bigl\{ B(r,s,t,u)x\bigr\} _{mn}\bigr|^{q} =&\sum_{m,n} \biggl\vert su \biggl(\frac {-s}{r} \biggr)^{m-1} \biggl( \frac{-u}{t} \biggr)^{n-1}\frac {1}{rt}+st \biggl( \frac{-s}{r} \biggr)^{m-1} \biggl(\frac{-u}{t} \biggr)^{n}\frac{1}{rt} \\ &{}+ru \biggl(\frac{-s}{r} \biggr)^{m} \biggl(\frac{-u}{t} \biggr)^{n-1}\frac{1}{rt}+rt \biggl(\frac{-s}{r} \biggr)^{m} \biggl(\frac {-u}{t} \biggr)^{n} \frac{1}{rt} \biggr\vert ^{q}=0. \end{aligned}$$ \end{document}$$ This says that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B(r,s,t,u)x\in\mathcal{L}_{q}$\end{document}$, i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in B(\mathcal {L}_{q})$\end{document}$. This completes the proof. □

Theorem 2.6 {#FPar11}
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Proof {#FPar12}
-----
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Theorem 2.7 {#FPar13}
-----------
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Proof {#FPar14}
-----

The proof of the theorem is similar to the proof of Theorem [2.1](#FPar1){ref-type="sec"}. So, we omit the details. □

Theorem 2.8 {#FPar15}
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Proof {#FPar16}
-----
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Since Part (ii) can be proved in a similar way, we omit the details. □

The alpha-, beta- and gamma-duals of the new double sequence spaces {#Sec3}
===================================================================
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Theorem 3.1 {#FPar17}
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-----
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Lemma 3.2 {#FPar19}
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Lemma 3.3 {#FPar20}
---------
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Lemma 3.4 {#FPar21}
---------

*A four*-*dimensional matrix* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A=(a_{mnkl})\in(\mathcal{C}_{r}:\mathcal {C}_{\vartheta})$\end{document}$ *if and only if* ([3.1](#Equ6){ref-type=""})-([3.3](#Equ8){ref-type=""}) *hold and the following conditions also hold*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \exists l_{0}\in\mathbb{N} \ni\vartheta\mbox{-} \lim_{m,n\to \infty}\sum_{k}a_{mnkl_{0}}=u_{l_{0}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \exists k_{0}\in\mathbb{N} \ni\vartheta\mbox{-} \lim_{m,n\to \infty}\sum_{l}a_{mnk_{0}l}=v_{k_{0}}. \end{aligned}$$ \end{document}$$ *In the case* ([3.9](#Equ14){ref-type=""}), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a=(a_{kl})\in\mathcal{L}_{u}$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(u_{l}), (v_{k})\in\ell_{1}$\end{document}$ *and* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \vartheta\mbox{-} \lim_{m,n\to\infty}[Ax]_{m,n} =& \sum_{k,l}a_{kl}x_{kl}+\sum _{k} \biggl(v_{k}\mbox{-} \sum _{l}a_{kl} \biggr)x_{k}+\sum _{l} \biggl(u_{l}\mbox{-} \sum _{k}a_{kl} \biggr)x_{l} \\ &{}+ \biggl(L+\sum_{k,l}a_{kl}\mbox{-} \sum_{k}v_{k}\mbox{-} \sum_{l}u_{l} \biggr)r\mbox{-} \lim_{m,n\to\infty}x_{mn} \end{aligned}$$ \end{document}$$ *holds for* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\in\mathcal{C}_{r}$\end{document}$.

Theorem 3.5 {#FPar22}
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Proof {#FPar23}
-----
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \|Ax\|_{\infty} =&\sup_{m,n\in\mathbb{N}} \biggl\vert \sum _{k,l}a_{mnkl}x_{kl} \biggr\vert \\ \leq&\sup_{m,n\in\mathbb{N}}\sum_{k,l}|a_{mnkl}||x_{kl}|< \infty. \end{aligned}$$ \end{document}$$ Then condition ([3.1](#Equ6){ref-type=""}) is sufficient.

Conversely, suppose that condition ([3.1](#Equ6){ref-type=""}) is satisfied for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{kl})\in\mathcal{C}_{bp}$\end{document}$. Then $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \biggl\vert \sum_{k,l}a_{mnkl}x_{kl} \biggr\vert \leq\sum_{k,l}|a_{mnkl}||x_{kl}|. $$\end{document}$$ We have, after taking supremum over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n\in\mathbb{N}$\end{document}$, that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sup_{m,n\in\mathbb{N}} \biggl\vert \sum_{k,l}a_{mnkl}x_{kl} \biggr\vert \leq \sup_{m,n\in\mathbb{N}}\sum_{k,l}|a_{mnkl}|M< \infty. $$\end{document}$$ Then it is derived from the last approaches that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Ax\in\mathcal {M}_{u}$\end{document}$. This completes the proof. □

Lemma 3.6 {#FPar24}
---------

\[[@CR11]\]

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A=(a_{mnkl})$\end{document}$ *be a four*-*dimensional matrix*. *Then the following statements hold*: (i)*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< q\leq1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A\in(\mathcal{L}_{q}:\mathcal{M}_{u})$\end{document}$ *if and only if* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sup_{m,n,k,l\in\mathbb{N}}|a_{mnkl}|< \infty. $$\end{document}$$(ii)*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< q<\infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A\in(\mathcal{L}_{q}:\mathcal{M}_{u})$\end{document}$ *if and only if* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sup_{m,n\in\mathbb{N}}\sum_{k,l}|a_{mnkl}|^{q'}< \infty, \quad \textit{where } \frac{1}{q}+\frac{1}{q'}=1. $$\end{document}$$

Lemma 3.7 {#FPar25}
---------

\[[@CR11]\]

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A=(a_{mnkl})$\end{document}$ *be a four*-*dimensional matrix*. *Then the following statements hold*: (i)*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$0< q\leq1$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A\in(\mathcal{L}_{q}:\mathcal{C}_{bp})$\end{document}$ *if and only if conditions* ([3.2](#Equ7){ref-type=""}) *and* ([3.10](#Equ15){ref-type=""}) *hold with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vartheta=bp$\end{document}$.(ii)*For* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< q<\infty$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A\in(\mathcal{L}_{q}:\mathcal {C}_{bp})$\end{document}$ *if and only if conditions* ([3.2](#Equ7){ref-type=""}) *and* ([3.11](#Equ16){ref-type=""}) *hold with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\vartheta=bp$\end{document}$.

Lemma 3.8 {#FPar26}
---------

\[[@CR12]\]

*A four*-*dimensional matrix* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A=(a_{mnkl})\in(\mathcal{M}_{u}:\mathcal {C}_{bp})$\end{document}$ *if and only if conditions* ([3.1](#Equ6){ref-type=""})-([3.2](#Equ7){ref-type=""}) *hold and the following conditions also hold*: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \exists a_{kl}\in\mathbb{C}\ni bp\mbox{-} \lim _{m,n\to \infty}\sum_{k,l}|a_{mnkl}-a_{kl}|=0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& bp\mbox{-} \lim_{m,n\to\infty}\sum _{l=0}^{n} a_{mnkl} \quad \textit{exists for each } k\in\mathbb{N}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& bp\mbox{-} \lim_{m,n\to\infty}\sum _{k=0}^{m} a_{mnkl} \quad \textit{exists for each } l\in\mathbb{N}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \sum_{k,l}|a_{mnkl}|\quad \textit{converges}. \end{aligned}$$ \end{document}$$

Lemma 3.9 {#FPar27}
---------

\[[@CR13]\]

*A four*-*dimensional matrix* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A=(a_{mnkl})\in(\mathcal{M}_{u}:\mathcal {M}_{u})$\end{document}$ *if and only if condition* ([3.1](#Equ6){ref-type=""}) *holds*.

Lemma 3.10 {#FPar28}
----------

\[[@CR14]\]

*A four*-*dimensional matrix* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A=(a_{mnkl})\in(\mathcal{M}_{u}:\mathcal {C}_{p})$\end{document}$ *if and only if conditions* ([3.2](#Equ7){ref-type=""}), ([3.6](#Equ11){ref-type=""}) *and* ([3.7](#Equ12){ref-type=""}) *hold*.

Let us define the sets $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$d_{k}(r,s,t,u)$\end{document}$ with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k\in\{1,2,\ldots, 14\}$\end{document}$ as follows: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& d_{1}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \sup _{m,n\in\mathbb {N}}\sum_{k,l} \Biggl\vert \sum _{j,i=k,l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac{-u}{t} \biggr)^{i-l} \frac{a_{ji}}{rt} \Biggr\vert ^{q'}< \infty \Biggr\} , \\& d_{2}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \exists \beta_{kl}\in \mathbb{C}\ni\vartheta\mbox{-} \lim _{m,n\to\infty}\sum_{j,i=k,l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac {-u}{t} \biggr)^{i-l}a_{ji}=\beta_{kl} \Biggr\} , \\& d_{3}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\& \hphantom{d_{3}(r,s,t,u)={}}\exists l\in \mathbb {C}\ni \vartheta\mbox{-} \lim_{m,n\to\infty}\sum _{k,l}\sum_{j,i=k,l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac {-u}{t} \biggr)^{i-l}\frac{a_{ji}}{rt}=l\text{ exists} \Biggr\} , \\ & d_{4}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\ & \hphantom{d_{4}(r,s,t,u)={}}\exists l_{0}\in\mathbb {N}\ni\vartheta\mbox{-} \lim _{m,n\to\infty}\sum_{k} \Biggl\vert \sum _{j,i=k,l_{0}}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac {-u}{t} \biggr)^{i-l_{0}}a_{ji}- \beta_{kl_{0}} \Biggr\vert =0 \Biggr\} , \\ & d_{5}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\ & \hphantom{d_{5}(r,s,t,u)= {}}\exists k_{0}\in\mathbb {N}\ni\vartheta\mbox{-} \lim _{m,n\to\infty}\sum_{l} \Biggl\vert \sum _{j,i=k_{0},l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k_{0}} \biggl(\frac {-u}{t} \biggr)^{i-l}a_{ji}- \beta_{k_{0}l} \Biggr\vert =0 \Biggr\} , \\ & d_{6}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\ & \hphantom{d_{6}(r,s,t,u)={}}\forall k\in \mathbb{N}, \exists l_{0}\in\mathbb{N}\ni\sum _{j,i=k,l}^{m,n} \biggl(\frac {-s}{r} \biggr)^{j-k} \biggl(\frac{-u}{t} \biggr)^{i-l} \frac {a_{ji}}{rt}=0 \ \forall l>l_{0} \text{ and }\forall m,n\in \mathbb{N} \Biggr\} , \\ & d_{7}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\ & \hphantom{d_{7}(r,s,t,u)={}}\forall l\in \mathbb{N}, \exists k_{0}\in\mathbb{N}\ni\sum _{j,i=k,l}^{m,n} \biggl(\frac {-s}{r} \biggr)^{j-k} \biggl(\frac{-u}{t} \biggr)^{i-l} \frac {a_{ji}}{rt}=0 \ \forall k>k_{0} \text{ and }\forall m,n\in \mathbb{N} \Biggr\} , \\ & d_{8}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \sup _{m,n\in\mathbb {N}} \Biggl\vert \sum_{j,i=k,l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac{-u}{t} \biggr)^{i-l}\frac{a_{ji}}{rt} \Biggr\vert ^{q'}< \infty \Biggr\} , \\ & d_{9}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\ & \hphantom{d_{9}(r,s,t,u)={}}\exists l_{0}\in\mathbb {N}\ni\vartheta\mbox{-} \lim _{m,n\to\infty}\sum_{k}\sum _{j,i=k,l_{0}}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac {-u}{t} \biggr)^{i-l_{0}} \frac{a_{ji}}{rt}=u_{l_{0}} \Biggr\} , \\ & d_{10}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\ & \hphantom{d_{10}(r,s,t,u)={}}\exists k_{0}\in\mathbb {N}\ni\vartheta\mbox{-} \lim _{m,n\to\infty}\sum_{l}\sum _{j,i=k_{0},l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k_{0}} \biggl(\frac {-u}{t} \biggr)^{i-l} \frac{a_{ji}}{rt}=v_{k_{0}} \Biggr\} , \\ & d_{11}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\ & \hphantom{d_{11}(r,s,t,u)={}}\exists \beta_{kl}\in \mathbb{C}\ni\vartheta\mbox{-} \lim _{m,n\to\infty}\sum_{k,l} \Biggl\vert \sum _{j,i=k,l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac {-u}{t} \biggr)^{i-l} \frac{a_{ji}}{rt}-\beta_{kl} \Biggr\vert =0 \Biggr\} , \\ & d_{12}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\& \hphantom{d_{12}(r,s,t,u)={}}\forall k\in \mathbb {N}, \vartheta\mbox{-} \lim_{m,n\to\infty}\sum _{l=0}^{n} \sum_{j,i=k,l_{0}}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac {-u}{t} \biggr)^{i-l_{0}}\frac{a_{ji}}{rt} \text{ exists} \Biggr\} , \\& d_{13}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega: \\& \hphantom{d_{13}(r,s,t,u)={}}\forall l\in \mathbb {N}, \vartheta\mbox{-} \lim_{m,n\to\infty}\sum _{k=0}^{m} \sum_{j,i=k,l_{0}}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac {-u}{t} \biggr)^{i-l_{0}}\frac{a_{ji}}{rt} \text{ exists} \Biggr\} , \\& d_{14}(r,s,t,u)= \Biggl\{ a=(a_{kl})\in\Omega:\sum _{k,l} \Biggl\vert \sum_{j,i=k,l_{0}}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac {-u}{t} \biggr)^{i-l_{0}}\frac{a_{ji}}{rt} \Biggr\vert \text{ converges} \Biggr\} . \end{aligned}$$ \end{document}$$

Theorem 3.11 {#FPar29}
------------

*The following statements hold*: (i)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{B(\mathcal{M}_{u}) \}^{\gamma}=d_{1}(r,s,t,u)$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q'=1$\end{document}$.(ii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{B(\mathcal{L}_{q}) \}^{\gamma}=\bigl \{ \scriptsize{ \begin{array}{l@{\quad}l} d_{1}(r,s,t,u), & 1\leq q<\infty; \\ d_{8}(r,s,t,u), & 0< q<1. \end{array}} \bigr.$\end{document}$(iii)$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\{B(\mathcal{C}_{bp}) \}^{\gamma}=d_{1}(r,s,t,u)$\end{document}$ *with* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$q'=1$\end{document}$.

Proof {#FPar30}
-----

\(iii\) Let us suppose that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a=(a_{mn})\in\Omega$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})\in B(\mathcal{C}_{bp})$\end{document}$. Then we have $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y=Bx\in\mathcal{C}_{bp}$\end{document}$. Therefore, we have the following equality for the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$m,n$\end{document}$th partial sum of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\sum_{k,l}a_{kl}x_{kl}$\end{document}$: $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \sum_{k,l=0}^{m,n}a_{kl}x_{kl} =& \sum_{k,l=0}^{m,n}a_{kl}\sum _{j,i=0}^{m,n} \biggl(\frac{-s}{r} \biggr)^{k-j} \biggl(\frac{-u}{t} \biggr)^{l-i} \frac{y_{ji}}{rt} \\ =&\sum_{k,l=0}^{m,n}\sum _{j,i=k,l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac{-u}{t} \biggr)^{i-l} \frac{a_{ji}}{rt}y_{kl} \\ =&(Dy)_{mn}, \end{aligned}$$ \end{document}$$ where the four-dimensional matrix $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D=(d_{mnkl})$\end{document}$ is defined by $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ d_{mnkl}= \textstyle\begin{cases} \sum_{j,i=k,l}^{m,n} (\frac{-s}{r} )^{j-k} (\frac {-u}{t} )^{i-l}\frac{a_{ji}}{rt}, & 0\leq k\leq m, 0\leq l\leq n; \\ 0, & \text{otherwise} \end{cases} $$\end{document}$$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$k,k,m,n\in\mathbb{N}$\end{document}$. Then we can say that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$ax\in\mathcal {BS}$\end{document}$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x=(x_{mn})\in B(\mathcal{C}_{bp})$\end{document}$ if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Dy\in\mathcal{M}_{u}$\end{document}$ whenever $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$y=(y_{mn})\in\mathcal{C}_{bp}$\end{document}$. This means that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a=(a_{mn})\in \{B(\mathcal{C}_{bp}) \}^{\gamma } $\end{document}$ if and only if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$D\in(\mathcal{C}_{bp}: \mathcal{M}_{u})$\end{document}$. Thus, one can easily see that the conditions of Theorem [3.5](#FPar22){ref-type="sec"} hold, that is, $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sup_{m,n\in\mathbb{N}}\sum_{k,l} \Biggl\vert \sum_{j,i=k,l}^{m,n} \biggl(\frac{-s}{r} \biggr)^{j-k} \biggl(\frac{-u}{t} \biggr)^{i-l} \frac {a_{ji}}{rt} \Biggr\vert < \infty, $$\end{document}$$ which is the set $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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The proofs of Parts (i) and (ii) can be shown in a similar way by using Lemmas [3.9](#FPar27){ref-type="sec"} and [3.6](#FPar24){ref-type="sec"}, respectively, instead of Lemma [3.5](#FPar22){ref-type="sec"}. Thus, we omit the details. □

Theorem 3.12 {#FPar31}
------------
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Proof {#FPar32}
-----
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Characterization of some classes of four-dimensional matrices {#Sec4}
=============================================================

In this section, we characterize some four-dimensional matrix classes which are related to the double sequence spaces derived as the domain of the four-dimensional generalized difference matrix in the spaces $\documentclass[12pt]{minimal}
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Now, let us suppose that the four-dimensional matrices $\documentclass[12pt]{minimal}
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Let us assume that the usual matrix product $\documentclass[12pt]{minimal}
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For the sake of brevity in notation, we may also write here and after for all $\documentclass[12pt]{minimal}
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Now, we may give the following theorem by using equality ([4.3](#Equ24){ref-type=""}) between the methods *A* and *E*.

Theorem 4.1 {#FPar33}
-----------
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Proof {#FPar34}
-----
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\[[@CR8]\], Theorem 4.7
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We may also give the following results derived from Theorems (4.1), (4.2) and (4.3) of Altay and Başar \[[@CR17]\] by using relation ([4.6](#Equ27){ref-type=""}).
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Corollary 4.9 {#FPar43}
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Theorem 4.11 {#FPar45}
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Conclusion {#Sec5}
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Zeltser \[[@CR18]\], in her PhD thesis, studied both the theory of topological double sequence spaces and the summability theory of double sequences.
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Başar \[[@CR15]\], Chapter 7, p.277, studied the fundamental results on double sequences and related topics. Başar and Sever \[[@CR4]\] deeply studied the Banach space $\documentclass[12pt]{minimal}
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The concept of matrix domain was examined by several researchers on some single sequence spaces by using some special matrices. Recently some significant studies have been done by several mathematicians for double sequence spaces and four-dimensional matrices (see \[[@CR19]--[@CR22]\]). In this work, I have studied the domain of four-dimensional generalized difference matrix $\documentclass[12pt]{minimal}
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